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A B S T R A C T   

We present recent advances in phase-field crystal (PFC) modeling of crystal nucleation in simple undercooled 
liquids, where dynamics is based on hydrodynamic density relaxation, as opposed to the diffusive dynamics in 
colloid systems. Herein, we address two-step nucleation, the nucleation of new grains at the growth front, and 
crystal nucleation on the surface of foreign particles in flow. Owing to the different numerical complexity of these 
problems, we consider three different realizations of the hydrodynamic approach that are optimized to deal with 
the individual tasks. We show that during two-step nucleation taking place at high supersaturations, amorphous 
and layered two-dimensional quasicrystalline domains form simultaneously in the first stage, which is then 
followed by bcc nucleation/transformation of the existing solid into the stable body-centered structure. Next, the 
formation of satellite crystals at the solid-liquid interface, observed in molecular dynamics simulations are 
studied. We find that the interference of density waves ahead of the rough growth front may assist the formation 
of such satellite crystals. Finally, we show that, under appropriate conditions, fluid flow may tear off hetero-
geneously nucleated crystal particles from the surface of a curved substrate, as envisaged for colloidal systems.   

1. Introduction 

Crystal nucleation in highly non-equilibrium liquids is an essentially 
unsolved problem [1,2] in the sense that models that show some pre-
dictive force are usually based on molecular scale simulations relying on 
molecular dynamics (MD) and Monte Carlo techniques. While classical 
nucleation theory [2] that relies on cluster population dynamics of the 
Schmoluchowski type [2–6], captures qualitative features of the nucle-
ation process, it also requires a number of assumptions. It is reasonable 
to expect that crystal nucleation (crystal formation on the nanoscale) 
and crystal growth taking place in the interfacial regime (also on the 
nanoscale) have common fundamentals. Accordingly, continuum 
models of the coarse grained type (e.g., phase field [7–13], PF; van der 
Waals [14], Cahn-Hilliard [15], and time dependent Ginzburg-Landau 
[16] theories) or those working on the molecular scale (various types 
of the classical density functional theory [17–27], DFT) successfully 
capture important features of nanoscale clusters, and proved useful in 
exploring nucleation and crystal growth in various systems. Indeed, the 
DFT models employed to crystal nucleation provided understanding 
reaching far beyond the classical nucleation theory [17–27]. Unfortu-
nately, these models usually require a detailed knowledge of the system 

investigated, and some assumptions due to the lack of input data. 
Therefore, matching to known model systems plays an important role in 
validating the assumptions used to make these models tractable [28]. 

Remarkably, even crystal growth in highly undercooled simple liquid 
is puzzling as a satisfactory agreement between MD simulations and 
theoretical predictions cannot be achieved [29,30]. Owing to the typi-
cally nanoscale dimensions of nuclei, which are comparable with the 
interface thickness, and the respective high curvature of the interface, 
additional complications occur in the case of nucleation. While these 
complications can be handled to some extent in the coarse grained 
continuum models, some other features are associated with the local 
molecular arrangement. For example, a rectangular inner corner is al-
ways a preferred nucleation site in the classical and coarse grained 
models [9], yet it is not so if the crystal has a triangular structure that is 
incompatible with the rectangular corner forcing thus the formation of a 
grain boundary [25]. 

Extensive microscopic information is available for crystal nucleation 
from two sources: (i) experiments on colloidal systems [1,31–39], and 
(ii) MD/Brownian dynamics (BD) simulations [1,40–49]. Experiments 
on colloids seem to indicate that crystal nucleation is a two-step process 
with an amorphous precursor, whose structural features determine the 
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structure of the forming crystal nucleus [36,37,39]. It has also been 
demonstrated by BD simulations that stresses building up in the curved 
crystal planes of heterogeneous nuclei on a spherical surface can peel off 
the nucleus, freeing the surface for further heterogeneous nucleation 
[47]. It is uncertain whether these complex phenomena do take place in 
simple liquids. Other open questions are the mechanism by which sat-
ellite nuclei form in the vicinity of growing crystallites [49], and the 
microscopic background of other mechanisms by which new orienta-
tions may appear at the growth front (Growth Front Nucleation, GFN) 
[50], phenomena that lead to the formation of such polycrystalline 
growth forms as spherulites, crystal sheaves, and disordered dendrites. 

Recently, a broad range of molecular scale phenomena taking place 
in condensed matter transitions was investigated in the framework of a 
simplistic dynamical density functional theory, the phase-field crystal 
(PFC) model working on the diffusive timescale [51–53]. Attempts were 
made recently to combine the PFC approach with hydrodynamic density 
relaxation (HPFC) to attack transitions in simple liquids. Development of 
such models is not a trivial task, therefore, a variety of models based on 
different approximations have been put forward during the past years 
[54–60]. 

In this paper, we are going to use a HPFC approach for investigating 
the possibility of two-/multistep nucleation, heterogeneous nucleation 
in fluid flow, and GFN in highly undercooled simple liquids. Since we are 
interested in competing crystalline, amorphous, and liquid structures, 
we opt for HPFC approaches that do not rely on amplitude expansion. 
Therefore, for the present study, we have chosen a HPFC model we 
proposed some time ago [55,59] and its adaptations (e.g., [60]) to the 
problems specified above. 

2. Hydrodynamic PFC models 

2.1. PFC thermodynamics 

In the PFC model, the local state of matter is characterized by a time- 
averaged particle density field, ρ. The dimensionless form of the free 
energy of the inhomogeneous liquid + crystal system taken relative to a 
homogeneous reference fluid (of density ρL,ref) can be given as. 

ΔF =

∫

dr
{

ψ
2

[
− ε +

(
1 +∇2)2

]
ψ +

ψ4

4

}

(1) 

Here ψ ∝ (ρ − ρL,ref) /ρL,ref is the scaled density difference, whereas ε 
is the reduced temperature that can be related to the bulk compress-
ibility of the reference liquid, the bulk modulus of the solid and the 
density of the reference liquid. This form of the free energy functional 
can be deduced [52,53,61] from the perturbative classical density 
functional theory of Ramakrishnan and Yussouff [62]. Note that in 2D 
this free energy expression yields a phase diagram that consists of sta-
bility domains for the homogeneous (liquid), triangular crystal, and 
striped phases, whereas in 3D the phase diagram contains stability do-
mains for the body centered cubic (bcc), face centered cubic (fcc), and 
hexagonal close packed (hcp) crystal structures, besides the homoge-
neous (liquid), triangular rod and lamellar phases (see e.g., [53]). 

2.2. Hydrodynamic models of solidification 

2.2.1. HPFC1: 
This model [55] is based on fluctuating nonlinear hydrodynamics as 

formulated in [63,64]. The momentum transport and continuity equa-
tions were written in the form. 

∂p
∂t

+∇⋅(v ⊗ p) = ∇⋅[R(ρ)+D(v)+ S ] (2)  

∂ρ
∂t

+∇⋅p = 0 (3) 

Here p(r, t) stands for the momentum, ρ(r, t) is the mass density, v =

〈p〉/〈ρ〉 the velocity, while ∇⋅R ¼ − ρ∇{δΔF[ρ]/δρ} ≈ − ρ0∇{δΔF[ρ]/δρ} 
the reversible stress tensor. δΔF[ρ]/δρ denotes the functional derivative 
of the free energy (shown in Eq. (1)) with respect to the particle density. 
ρ0 denotes a reference density, D ¼ μS{(v ⊗ p)+ (v ⊗ p)T} + [μB − (2/ 
3)μS] (∇⋅v) is the dissipative stress tensor, whereas S is a stochastic 
momentum noise of correlation. 
〈
Sij(r, t), Skl(r’, t′ )

〉
= (2kTμS)×

[
(
δikδjl − δjkδil

)
+

(
μB

μS
−

2
3

)

δijδkl

]

δ(r − r’)δ(t − t’) (4) 

In this expression, μS and μB are the shear/bulk viscosities. 
In computing the velocity in the hydrodynamic equations, we apply 

coarse-grained momentum and density fields: v = 〈p〉/〈ρ〉. (For details 
see Ref. [55]). In a recent study, this approach indicated two possible 
mechanisms to form new orientations at the growth front [59]. In this 
work, we further explore these possibilities. 

2.2.2. HPFC2: 
A slightly different approximate formulation of the hydrodynamic 

PFC model was used in addressing heterogeneous nucleation on a curved 
surface in the presence of flow. The respective equations are as follows. 
Here n = (ρ − ρL,ref) /ρL,ref, and. 

δΔF
δn

= V −
an2

2
+

bn3

3
+ (1 − ĉk)n (5)  

ϕk = −
(∇⋅ v)k

k2 ,u = v − ∇ϕ, ∇⋅ u = 0, (6–8)  

∂ρ
∂t

= − ρ0∇⋅v − ∇⋅(ρu) (9)  

∂v
∂t

= − (u⋅∇)v + μΔv − ∇

(
δΔF
δρ + ζ

)

− ∇⋅(∇ρ ⊗∇ρ) (10) 

Here μ is viscosity, ρ0 is a constant density, V an external potential 
(defining the substrate), a and b are material parameters, ĉk is the 
Fourier transform of the two-particle direct correlation function, 
whereas u is the divergence-free part of velocity v used in the advection 
of mass density. ϕk is a scalar field, while ζ a noise term. Finally, the term 
∇⋅(∇ρ ⊗∇ρ) is associated with the Korteweg stress tensor. Note that Eq. 
(5) relies on a form of the free energy expressed in terms of n (see Eqs. 
(12) and (13) in [55]), which is equivalent to Eq. (1), however, sup-
plemented here with a potential energy term for the substrate. 

2.2.3. sHPFC: 
The numerical solution of models HPFC1 and HPFC2 is computa-

tionally demanding in 3D, therefore, a simplified HPFC approach was 
proposed [60] that relies on linearized hydrodynamics. Along this line, 
we first postulate that the velocity and density gradients are small, and 
the advection term is negligible, then we insert the time derivative of the 
continuity equation into the divergence of the momentum transport 
equation. This yields a specific form of the DDFT/HI model derived by 
Kikkinides and Monson, an approach that was used successfully for 
describing nanoscale capillary waves [65]: 

∂2ρ
∂t2 + α ∂ρ

∂t
= Δ

{
δΔF
δρ + β

∂ρ
∂t

}

+∇⋅∇⋅S (11) 

In this expression, α and β = {(4/3)μS + μB}/ρ are damping co-
efficients, and δΔF[ρ]/δρ is the functional derivative of the free energy 
(shown in Eq. (1)) with respect to the density field, whereas S is the same 
stochastic momentum tensor that was used in Eq. (4). Assuming β = 0, 
and omitting the noise term, one recovers the modified PFC (MPFC) 
model proposed in [66,67]. Much like the full HPFC model, at small 
undercoolings the sHPFC approach recovers a steady state growth ve-
locity v ∝ 1/μS, and longitudinal and transversal quasi-phonons of 
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proper dispersion in the crystal. Herein, we use two forms of the line-
arized HPFC approach (MPFC: α = 1 and β = 0, and sHPFC: α =

0 and β = 1) to extend a previous study [60] that addressed the struc-
tural aspects of crystal nucleation in 3D simple liquids. 

2.3. PFC with diffusive dynamics 

In the majority of PFC models, diffusive density relaxation was 
assumed [21–23,25,51–53,61], which is therefore termed diffusive PFC 
model (DPFC). This type of dynamics is realized by the following 
dimensionless equation of motion: 

∂ψ
∂t

= ∇⋅
{

∇
δΔF
δψ

}

+ ζ. (12) 

A colored Gaussian flux noise ζ of correlation 〈ζ(r,t)ζ(r’,t’)〉 = ξ2∇2g 
(|r − r’|, σ)δ(t − t’) is incorporated into the governing equation to 
represent the density fluctuations. Here ξ is the noise strength, and a 
high frequency cutoff is realized by the function g(|r − r’|, σ) [22,23] 
that removes the wavelengths shorter than the atomic spacing (σ). At 
small driving forces for crystallization: (i) at small undercoolings or 
supersaturations growth is diffusion controlled and v ∝ t− 1/2, whereas 
(ii) at large driving forces, where diffusion length lD = D/v becomes 
comparable to the interface thickness a transition is observed to a dif-
fusionless fast growth mode displaying steady state growth (v = const.) , 
as expected for colloids . 

2.4. Numerical methods 

The governing equations of models HPFC1, HPFC2, MPFC, and 
sHPFC were solved in dimensionless form, relying on a pseudospectral 
spatial scheme [68] combined with either semi-implicit time stepping 
(DPFC), forward Euler time stepping (HPFC2), or a second-order Runge- 
Kutta time stepping (HPFC1, MPFC, and sHPFC), respectively. Uniform 
rectangular grids were used in both 2D and 3D, while employing peri-
odic boundary conditions on all sides, unless stated otherwise. The 
computations were performed on high-end Graphics Processing Units. 

2.5. Materials/model parameters used in the simulations 

The single-mode PFC model can be fitted to iron [69,70], yielding 
fairly realistic properties for the interfacial free energy and its anisot-
ropy, the solid/liquid bulk moduli, though the expansion on melting is 
somewhat overestimated (see dataset GL-PFC in Table I of Ref [70]). In 
the HPFC1 and HPFC2 models, the physical properties of iron were used 
as specified in Refs. [55,59,70]. Here, the relative free energy ΔF (Eqs. 
(12) and (13) of [55]) was computed after approximating the Fourier 
transform of the direct correlation function as Ĉk = C0 + C2k2 + C4k4, 
where C0 = − 10.9153, C2 = 2.6 Å2, C4 = − 0.1459 Å4, a = 0.6917 and 
b = 0.08540 are data for iron taken from [70]. The corresponding 
melting point properties are ψL = − 0.1982 and εL = 0.0923, whereas 
the respective critical properties are ψc = − 0.1754 and εc = 0.1178. We 
note that this free energy expression can be transformed into Eq. (1) via 
straightforward manipulations [53]. Accordingly, Eq. (5) follows from 
the same free energy, however, with a potential energy term added. The 
dimensionless time and spatial steps used here were Δt = 0.025 and Δx 
= 1.001× (4π/√3)/8 ≈ 0.9078. 

In 3D simulations based on the DPFC, MPFC, and sHPFC models, 
parameter values taken from [60] were used in Eq. (1). A scaled density 
of ψ0 = − 0.2720 was chosen, whereas different reduced temperatures 
falling between the liquidus εL = 0.1548 and the linear stability limit εc 
= 0.2220 were used. If not stated otherwise, the DPFC, MPFC, and 
sHPFC simulations were performed at a scaled density of ψ0 = − 0.272, 
and reduced temperature ε = 0.2. A noise strength of ξ = 0.005 was used 
in all three models. In these simulations the dimensionless time and 
spatial steps were Δt = 0.01 and Δx = 1.0. 

Instantaneous quenching with these model parameters yields an 
amorphous state of reasonable structural properties [22,71–73] (Fig. 1). 

In all cases, when transforming the simulation results to dimensional 
form, the viscosity (HPFC1, HPFC2, MPFC, and sHPFC) or the self- 

Fig. 1. Pair distribution function g(r) for amorphous iron as predicted by the 
PFC model [13], and MD simulations [73]. 

Fig. 2. Different views of the early stage cluster from an sHPFC simulation (reproduced from [60] under Creative Commons Attribution (CC BY) license). Note that 
the views in the upper row show some degree of order, structural order in the bottom row is less obvious. A fraction of a 5123 simulation (corresponding to about 3.6 
× 105 atoms) is shown. 
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diffusion coefficient (DPFC) sets the physical time scale of the crystal-
lization process. 

2.6. Structural analysis 

The average bond order parameters qk
l of Lechner and Dellago [74] 

were used to analyze the structural aspects of the solid domains. These 
order parameters incorporate structural information from the 1st and 
2nd neighbor shells: 

qk
l =

{
4π

2l + 1
∑l

m=− l

⌊
qk

lm

⌋2

}1/2

, where qk
lm =

1
Nk

b + 1
∑Nk

b

i=0
qi

lm and qi
lm

=
1
ni

b

∑ni
b

j=1
Ylm

(
rij
)

(13–15) 

In these expressions, Nb
k is the number of neighbors of the kth particle, 

nb
i are the number of the first neighbors of the ith neighbor of particle k. 

Ylm denotes the spherical harmonics of degree l and order m, whereas rij 
is the vector between the ith first neighbor atom and its jth first neighbor. 
The q4 – q6 map is widely used to distinguish the bulk bcc, hcp, fcc and 
liquid structures from molecular dynamics simulations 
[1,22,29,40–42,45] and colloid experiments [32,37]. They were used 
successfully to visualize structural transitions during crystallization 
processes. 

In addition to this, we applied the Polyhedral Template Matching 
(PTM) [75] method implemented in OVITO [76] for analyzing the local 
structure. 

In the case of the 2D HPFC1 simulations, we used Voronoi polyhedral 
(polygonal) analysis, and a “hexatic” bond order parameter g6 =

Fig. 3. Time evolution of the same early stage cluster within the DPFC (1st row), MPFC (2nd row), and sHPFC (3rd row) models at reduced times t = 1500, 3000, 
4500, 6000, and 7500. A view is shown, from which the presence of a layered 2D QC structure is evident. Polyhedral template matching was used to color the atoms 
according to their neighborhood: yellow – icosahedral; blue – bcc; red – hcp; white - unidentified. The solid–liquid surface is covered by atoms of unidentified 
neighborhood, as they have less neighbors. Snapshots of 5123 simulations corresponding to about 3.6 × 105 atoms are shown. The average growth rate of the DPFC 
and MPFC results are fairly close to each other as reported in [60], whereas the growth of the bcc phase in the sHPFC model is considerably faster. (For interpretation 
of the references to color in this figure legend, the reader is referred to the web version of this article.) 

Fig. 4. Layered 2D QC-like structures in the DPFC (upper row) and MPFC 
(lower row) clusters. The top view (left) and a side view (right) are shown at 
dimensionless time t = 5000. Six molecular layers’ thick slices are displayed. 
The red lines on the right indicate the side view the 2D QC-like planes. Coloring 
is the same as in Fig. 3. (For interpretation of the references to color in this 
figure legend, the reader is referred to the web version of this article.) 
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∑
jexp(− 6iθj) to visualize crystal grains (crystallographic orientation) 

and crystal defects. Here θj is the angle to the jth neighbor in the labo-
ratory frame. The phase of g6 represents the local crystallographic 
orientation. 

3. Results and discussion 

3.1. Structural aspects of nucleation and early stage growth 

In a previous work [60], we investigated structural changes during 
the early stage of crystal formation within the linearized HPFC and DPFC 
models. We found that the first appearing solid structure appears to be 
partly ordered, as concentric somewhat distorted ring-like atomic ar-
rangements were seen from certain directions (Fig. 2). In this early stage 
clusters, a higher number of atoms with icosahedral neighborhood has 
been seen than in the Lennard-Jones (LJ) fluid. On the basis of their 
position on the q4 – q6 bond order parameter map, or the q6-based color 
scheme by Kawasaki and Tanaka [45] these early stage structures cannot 
be distinguished from the liquid structure of the LJ system. 

Herein, we specify further the structural evolution of these early 
stage solid molecular arrangements. We have taken a state that contains 
such a cluster in the DPFC model, obtained using the parameter values 
defined in subsection 2.5. This state was then used as an initial condition 
for simulations performed at ε = 0.175 within the DPFC, MPFC, and 
sHPFC models, keeping the other conditions unchanged. The time evo-
lution of the respective clusters is viewed in Fig. 3 from the same di-
rection: In all cases three obvious domains appear: amorphous, a 2D 
quasicrystal-like (QC), and bcc. During the early stage only the first 
two is present, later the bcc phase appears by heterogeneous nucleation 
and suppress them in the long run. In accord with earlier results [60], in 
the overall growth rate of the DPFC and MPFC models clusters are 
similar, whereas the transformation to bcc and its growth rate are faster 
in the sHPFC model. We have used the PTM method to identify the 
neighborhoods of the respective atoms. While with the applied PTM 
settings, the bcc structure was reliably identified, we could not identify 
the local structure in the “amorphous” domain, whereas in the QC-like 
structure a large fraction of the atoms qualified as of icosahedral 
neighborhood. 

The Kawasaki-Tanaka type coloring based on q6 distinguished three 
structures (amorphous, medium range crystal-like order – MRCO, and 
bcc) in similar clusters [60], however, the g(r) of the amorphous and 
MRCO structures fall quite close [60], therefore, the latter may be 
regarded a kind of transition layer between the amorphous and bcc 
structures. In contrast, it is easy to distinguish the QC-like structure from 
the view shown in Fig. 3 even by the naked eye. 

Next, we concentrate on this newly found structure. Views showing 

the quasi 2D QC molecular planes and a perpendicular direction are 
presented in Fig. 4 on the left and right, respectively. Within the quasi 
2D QC molecular planes, a network of 10 and 12 membered rings are 
seen, which are built dominantly of atoms of icosahedral neighborhood. 
In the perpendicular direction, a molecular arrangement of square- 
lattice-type symmetry is found, with lower density of molecules of 
icosahedral neighborhood. These results are consistent with a layered 
2D quasi-crystalline structure that is periodic in one direction. 

We note that 2D and 3D QC structures were studied extensively 
within two- and higher mode PFC models that rely on two or more 
specific wavelengths [77–85]. To our understanding, the present work is 
the first, which indicates that nucleation of a layered 2D QC structure (a 
type discussed in [85,86]) is possible in the single-mode PFC model. We 
note, furthermore, that nucleation and growth of icosahedral clusters of 
unordered shape were reported in MD simulations using a Dzugutov 
type potential (of a minimum at r0 and a maximum at about r0√2) 
[87,88], which was developed to realize a monatomic glass former. A 
similar effective pair potential was evaluated for the single mode PFC 
model [22]. However, in [88] the icosahedral structure has a tetra- 

Fig. 6. Snapshots made at reduced times t = 300, 1600, 3000, 3500, and 4000 of simulation performed using the HPFC2 model that show heterogeneous crystal 
nucleation on the surface of a circular foreign particle and flow-induced removal of the nucleated crystal. 

Fig. 5. “Satellite” crystal formed in the HPFC1 model: A – number density map; B – orientation map (phase of g6, different colors stand for different crystallographic 
orientations); and C – Voronoi-polygon map (blue, yellow, and red cells indicate atoms of 5, 6, and 7 neighbors). A 3652 fraction of a simulation performed on a 
20482 grid at ψ = − 0.1982 and ε = 0.1158 is shown. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of 
this article.) 

Fig. 7. Separation of the crystal covered circular substrate and crystallite 
escaping the substrate at reduced time t = 3700. 
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helical atomic arrangement, which does not appear to be the case in our 
simulations. Finally, experiments on specific metal alloy melts indicate 
icosahedral-QC-enhanced nucleation of the fcc phase [89]. 

3.2. Formation of satellite crystals in the HPFC1 model 

In recent extremely large scale MD simulations for undercooled 
molten iron [49], it has been reported that “satellite” nuclei form in the 
vicinity of already existing crystals, i.e., the probability of forming 
nuclei appears to be higher near the growth front than in the bulk liquid. 
The authors noted furthermore that in this domain, the probability of 
atoms of icosahedral neighborhoods is higher than in the bulk liquid and 
associated the formation of satellite nuclei with this finding [49]. 

A similar phenomenon, i.e., enhanced nucleation close to the growth 
front has been reported within a HPFC1 model with parameters of iron 
at extreme supersaturations [59]. In these simulations, crystallization 
was initiated by a potential template leading to the formation of a 
triangular neighborhood of 7 atoms at the natural interatomic distance 
of the stable triangular crystal. After a very short transient time, which is 
far shorter than the incubation time of homogeneous crystal nucleation, 
a roughly triangular crystal seed formed (or in the absence of noise a 
perfect hexagonal crystal), which attained an increasingly irregular 
shape as it grew. Well before homogeneous nucleation set in, small 
nuclei formed exclusively in the vicinity of the growth front, creating 
orientations that may deviate considerably from the growing crystal. 
The formation of these “satellite” crystals can be attributed to the 
interference of density waves that extend into the undercooled liquid 
state and originate from sections of a rough crystal-liquid interface, 
which may occasionally create a template (density pattern) that helps 
crystal nucleation. This is indeed a phenomenon that can exist only in 
the close vicinity of the crystal-liquid interface (see Fig. 5), and may be 
viewed as a possible microscopic mechanism for GFN. 

3.3. Heterogeneous nucleation in flow in the HPFC2 model 

One of the main improvements this model realizes is that owing to 
the presence of pure advection due to the divergence-free velocity u in 
the kinetic equation enables synchronous motion and rotation of the 
crystal structure together with the solid cluster. To demonstrate its ca-
pabilities, we attempted to reproduce a prediction made via Brownian 
dynamics simulation for colloidal liquids [47], i.e., that due the stress 
building up crystallites nucleated heterogeneously on a curved surface 
(substrate), beyond a critical size the crystal peels off the substrate and 
may be carried away by flow enabling repetitive nucleation by a single 
nucleation center. In order to approximate this situation, we introduced 
a circular substrate defined by adding an appropriate potential energy 
term, V(r)ψ, to the free energy density. Boundary conditions prescribing 
motion from left to right (of velocity v0) were prescribed at the upper 
and bottom edges of the simulation box whereas downward motion of 
the same velocity was assigned to the vertical edges. We note that with 
the exception of this section, forced flow is not prescribed in the present 
simulations (e.g., in sections 3.1 and 3.2 only density change upon so-
lidification may cause flow). Snapshots displaying the simulation results 
are presented in Figs. 6 and 7. The crystalline phase nucleates with 
curved crystal planes, and when it grows large enough, the flow cracks 
the crystal along its faults, and carries it away from the substrate. The 
present 2D model contains the main ingredients (flow, nucleation and 
growth, elasticity, and plasticity) needed to describe such a phenome-
non, and may thus serve as a basis for developing a more quantitative 
approach. 

4. Summary 

We have addressed three topics using simple classical density func-
tional approaches relying on different (application oriented) realizations 
of hydrodynamic density relaxation in two- and three dimensions, while 

taking the free energy functional from the single-mode Phase-Field 
Crystal model. We have shown the following:  

(1) In single-mode PFC models relying on diffusive dynamics (DPFC) 
and linearized hydrodynamics (MPFC and SHPFC) we found that 
at the early stage of solid cluster formation two structures occur: 
an amorphous one, and a layered 2D quasicrystal-like (QC) 
structure that is periodic in the third dimension. The stable bcc 
phase nucleates on these structures in a heterogeneous manner, 
and grows faster, and devours them as time elapses. The trans-
formation to bcc structure is the fastest in the case of sHPFC 
dynamics. 

(2) Within the HPFC1 model (that relies on coarse grained mo-
mentum and density fields in computing the velocity in the hy-
drodynamic equations), we searched for a possible analogue of 
satellite crystal formation in the vicinity of the growth front, a 
phenomenon discovered in extreme large molecular dynamics 
simulation. It appears that interference of density waves forming 
part of the diffuse interface of uneven shape may occasionally 
create templates that assist crystal nucleation, even if bulk ho-
mogeneous nucleation is not yet active. 

(3) Using the HPFC2 model, we investigated heterogeneous nucle-
ation on a curved surface (circular substrate) in the presence of 
fluid flow. Under appropriate conditions, after growing large 
enough the nucleated crystal separates from the substrate as an 
interaction of packing defects and the force exerted by the flow 
on the nucleated crystal. 

Work is underway to clarify further these issues, especially why/how 
the layered 2D QC-like structure forms in the single-mode theory, and 
how this phenomenon depends on the interaction potential. 
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Conceptualization, Investigation, Writing – original draft, Writing – re-
view & editing, Funding acquisition 

Declaration of Competing Interest 

The authors declare that they have no known competing financial 
interests or personal relationships that could have appeared to influence 
the work reported in this paper. 

Acknowledgments 

This work has been supported by National Agency for Research, 
Development, and Innovation (NKFIH), Hungary under contract No. 
KKP-126749, and forms part of the activity performed in the framework 
of the ESA MAP project “PARSEC”. The research infrastructure was 
provided by the Hungarian Academy of Sciences. 

References 

[1] H. Tanaka, Roles of Bond Orientational Ordering in Glass Transition and 
Crystallization, J. Phys.: Condens. Matter 2011 (23) (2011), 284115, https://doi. 
org/10.1088/0953-8984/23/28/284115. 

[2] K.F. Kelton, A.L. Greer, Nucleation in Condensed Matter: Applications in Materials 
Science and Biology, Elsevier, Amsterdam, 2010. 

[3] K.F. Kelton, Crystal Nucleation in Liquids and Glasses, Solid State Phys. 45 (1991) 
75, https://doi.org/10.1016/S0081-1947(08)60144-7. 

[4] J.D. Gunton, M. San Miguel, P.S. Sahni, The dynamics of first order phase 
transitions, in: C. Domb, J. Lebowitz (Eds.), Phase Transitions and Critical 
Phenomena, 1st ed., Academic Press, London, 1983, pp. 267–466. 

[5] J.K.G. Dhont, An Introduction to Dynamics of Colloids, 1st ed., Elsevier, 
Amsterdam, 1996. 

[6] H. Risken, The Fokker-Planck Equation: Methods of Solution and Applications, 3rd 
ed., Springer, Berlin, 1996. 

F. Podmaniczky and L. Gránásy                                                                                                                                                                                                             

https://doi.org/10.1088/0953-8984/23/28/284115
https://doi.org/10.1088/0953-8984/23/28/284115
https://doi.org/10.1016/S0081-1947(08)60144-7
http://refhub.elsevier.com/S0022-0248(22)00336-0/h0020
http://refhub.elsevier.com/S0022-0248(22)00336-0/h0020
http://refhub.elsevier.com/S0022-0248(22)00336-0/h0020
http://refhub.elsevier.com/S0022-0248(22)00336-0/h0025
http://refhub.elsevier.com/S0022-0248(22)00336-0/h0025
http://refhub.elsevier.com/S0022-0248(22)00336-0/h0030
http://refhub.elsevier.com/S0022-0248(22)00336-0/h0030


Journal of Crystal Growth 597 (2022) 126854

8

[7] A. Roy, J. Rickman, J. Gunton, K. Elder, Simulation study of nucleation in a phase- 
field model with nonlocal interactions, Phys. Rev. E 57 (3) (1998) 2610–2617, 
https://doi.org/10.1103/PhysRevE.57.2610. 
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